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We study the asymptotic properties of kinks in connection with the deformation procedure. We
show that, upon deformation of the field-theoretic model, the asymptotics of kinks can change or
remain unchanged, depending on the properties of the deforming function. The cases of both explicit
and implicit kinks are considered. In addition, we modified the algorithm for obtaining the deformed
kink for the case of implicit kinks.
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I. INTRODUCTION
Kink solutions (kinks) are topologically nontrivial so-
lutions of (1 + 1)-dimensional field-theoretic models with
a real scalar field, the dynamics of which is given by the
self-interaction (potential), leading to a nonlinear evo-
lutionary equation [1–5]. Models that admit kink solu-
tions have an extremely wide application in physics and
arise in the description of various processes and objects.
A classical example is the well-known Ginzburg–Landau
theory of phase transitions based on a fourth-degree poly-
nomial potential (the so-called ϕ4 model) [6, 7]. The ϕ4
model has also many other applications [8], for example,
it is used for describing deformations in graphene [9, 10].
In materials science, models with polynomial potentials
of higher degrees are used to describe phase transitions
and their sequences [11–14]. In connection with various
applications of topological solitons in condensed matter
physics, see, e.g., [15]. In the recent work [16], the model
with non-polynomial potential was successfully applied
for describing the first-order phase transition between
the lamellar and the inverse hexagonal phases in specific
lipid bilayers. In various cosmological theories, domain
walls separating regions of space with different properties
(e.g., with different vacuum values of the Higgs field), are
of great importance. In this case, a plane domain wall
in the direction perpendicular to it is nothing more than
a kink of the corresponding (1 + 1)-dimensional model
[2, 17, 18].
Recently, kinks with power-law asymptotics has be-
come a subject of growing interest. As a part of their
study, models with polynomial potentials are considered,
necessary conditions for the existence of kink solutions
with power-law tails are formulated [19–30]. One of
the important features of such kinks is the appearance
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of long-range interaction in kink-antikink and kink-kink
systems. This, in turn, leads to a fundamentally new dy-
namics of such systems, in comparison with the case of
exponential asymptotics. It should be noted that kinks
with power-law asymptotics also appear in some models
with non-polynomial potentials [31–35].
In this paper, we consider the asymptotic properties
of kinks in connection with the deformation procedure.
The deformation procedure for models with a real scalar
field in (1 + 1) dimensions was formulated by D. Bazeia,
L. Losano, and J.M.C. Malbouisson in 2002 [36] and
presents a powerful tool for building new field-theoretic
models together with their kink solutions. The applica-
tion of the deformation procedure has made it possible
to obtain many new results in this area, see, e.g., [37–42].
Our goal is to study in detail how the asymptotic behav-
ior of a kink changes when the model is deformed. In
particular, we find out how the asymptotics of kinks of
the original and deformed models are related in the cases
of exponential and power-law tails. It should be noted
that attention to the asymptotic behavior of kink solu-
tions in connection with the calculations of interaction
forces, etc., is a trend of recent years, see, e.g., [22, 24, 26–
29, 35, 43, 44].
In Ref. [36], the deformation procedure was formulated
for models with kink solutions known explicitly, i.e. in the
form of the dependence ϕ = ϕK(x). At the same time,
for many models the kink solutions can be obtained only
in an implicit form, x = xK(ϕ) [11, 20–29, 45, 46]. Notice
that recently, efforts have been made to develop methods
for obtaining kinks of higher-order polynomial models in
an explicit form [44]; nevertheless, in many models, only
implicit kinks are still available. Moreover, in some mod-
els it is even necessary to resort to numerical integration
to obtain the kink solution [47]. For this reason, it is im-
portant to generalize the deformation procedure to the
case of models with implicit kinks. In this paper, we
show how the kink of the deformed model can be found
if the kink of the original model is known implicitly, that
expands the ability of the deformation procedure. We
illustrate all our findings (properties and methods) by
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2appropriate examples.
We begin in Section II by providing some basic facts
about kink solutions in (1 + 1)-dimensional models that
are used below. In Section III, we describe the deforma-
tion procedure as it was originally introduced, and then
we show how it can be applied to models with implicit
kinks. Section IV is devoted to the study of how the ex-
ponential and power-law asymptotics of kinks are trans-
formed when the model is deformed by a “good enough”
deforming function. The case of a deforming function
with infinite derivative is discussed in Section V. Fur-
ther, in Section VI, we illustrate the found patterns with
four examples. Finally, in Section VII, we summarize
our findings and outline our vision of directions for fu-
ture work.
II. KINK SOLUTIONS
Consider the Lagrangian density
L =
1
2
(
∂ϕ
∂t
)2
− 1
2
(
∂ϕ
∂x
)2
− V (ϕ), (1)
that defines a field-theoretic model with a real scalar field
ϕ(x, t) in (1 + 1)-dimensional space-time. Here V (ϕ)
is the potential of the model, which is assumed to be
bounded from below and having two or more isolated de-
generate minima. We assume V (ϕ) ≥ 0, and V (ϕ) = 0
in the minimum points which are also called vacua of
the model. The Lagrangian (1) leads to the equation of
motion
∂2ϕ
∂t2
− ∂
2ϕ
∂x2
+
dV
dϕ
= 0. (2)
In the static case ϕ = ϕ(x), and Eq. (2) takes the form
d2ϕ
dx2
=
dV
dϕ
, which, in turn, can be reduced to the ordi-
nary differential equation of the first order:
dϕ
dx
= ±
√
2V . (3)
We define kink ϕK(x) as a monotonic function of the
coordinate which is a topologically non-trivial solution
of Eq. (3), satisfying the boundary conditions at spatial
infinities
lim
x→−∞ϕK(x) = ϕ1 and limx→+∞ϕK(x) = ϕ2, (4)
where ϕ1 and ϕ2 are two neighboring vacua of the model.
Obviously, the “+” sign in the right-hand side of Eq. (3)
leads to the monotonically increasing function ϕK(x)
(called kink) with ϕ1 < ϕ2 in Eq. (4). The “−” sign
leads to the so-called antikink — a monotonically de-
creasing function with ϕ1 > ϕ2 in Eq. (4). Recall that
kink (antikink) is a configuration with the lowest possible
energy under the given boundary conditions (4). In other
words, a kink (antikink) has the minimal energy among
all possible configurations in a given topological sector,
i.e. among all configurations that satisfy the boundary
conditions (4).
In conclusion of this section, we make some additional
remarks regarding the terms and symbols used below in
this paper. In Eq. (4), two adjacent minima of the po-
tential (vacua of the model) are denoted by ϕ1 and ϕ2.
We continue using this notation in the next section de-
scribing the deformation procedure. Further, in Sections
IV and V, devoted to changes of kink’s asymptotics un-
der deformation of the model, we use only one vacuum of
the two that the kink connects. We denote this vacuum
by the index that coincides with the index of the corre-
sponding potential: ϕ0 is the minimum of the potential
V0(ϕ), and ϕ1 is the minimum of the potential V1(ϕ). In
addition, kink solutions, i.e. functions ϕK(x) for explicit
kinks and xK(ϕ) for implicit kinks, are supplied by super-
scripts denoting which potential the kinks correspond to.
For example ϕ
(0)
K (x) (or x
(0)
K (ϕ)) is a kink of model with
potential V0(ϕ), ϕ
(1)
K (x) (or x
(1)
K (ϕ)) is a kink of model
with potential V1(ϕ), and so forth.
Finally, note that throughout this paper, without loss
of generality, we consider only monotonically increasing
kink solutions, i.e. kinks, not antikinks.
III. DEFORMATION PROCEDURE
Let us briefly recall the essence of the deformation pro-
cedure [36]. Let there be a model with the potential
V0(ϕ) and known kink solution ϕ
(0)
K (x) connecting the
vacua ϕ1 and ϕ2 of this model. Let there also be a func-
tion f(ϕ) strictly monotonically increasing on the seg-
ment [f−1(ϕ1), f−1(ϕ2)]. Moreover, the derivative f ′(ϕ)
is assumed to be finite everywhere on this segment. Agree
to call a function f(ϕ) satisfying these conditions good
enough. Then we can introduce new model with poten-
tial
V1(ϕ) =
V0[f(ϕ)]
[f ′(ϕ)]2
. (5)
In the new model, the kink connecting vacua f−1(ϕ1)
and f−1(ϕ2) is immediately known:
ϕ
(1)
K (x) = f
−1[ϕ(0)K (x)]. (6)
The model with potential (5) is called f -deformed (or
simply deformed). Of course, the same deforming func-
tion can be applied to the f -deformed model producing
the ff -deformed model with the potential
V2(ϕ) =
V1[f(ϕ)]
[f ′(ϕ)]2
(7)
and kink
ϕ
(2)
K (x) = f
−1[ϕ(1)K (x)] = f
−1[f−1[ϕ(0)K (x)]], (8)
3interpolating between vacua f−1(f−1(ϕ1)) and
f−1(f−1(ϕ2)) of the new model. And so one can
go on and on. Moreover, we can start from the model
with the potential V0(ϕ) and “move in the opposite
direction”, i.e. apply f−1(ϕ) as the deforming function.
Then we get f−1-deformed model with potential
V−1(ϕ) =
V0[f
−1(ϕ)]
[(f−1(ϕ))′]2
(9)
and kink
ϕ
(−1)
K (x) = f [ϕ
(0)
K (x)], (10)
interpolating between vacua f(ϕ1) and f(ϕ2). Repeating
the procedure, we obtain f−1f−1-deformed model with
potential
V−2(ϕ) =
V−1[f
−1(ϕ)]
[(f−1(ϕ))′]2
(11)
and kink
ϕ
(−2)
K (x) = f [ϕ
(−1)
K (x)] = f [f [ϕ
(0)
K (x)]], (12)
interpolating between vacua f(f(ϕ1)) and f(f(ϕ2)). And
the sequence of such deformations can also be continued
infinitely. Thus, a given field-theoretic model with po-
tential V0(ϕ) and its kink ϕ
(0)
K (x), together with the de-
forming function f(ϕ), generate a countable set of new
models with known kinks, see Fig. 1(a).
It so happened that in many models being used now,
kink solutions can be obtained only in the implicit form,
x = xK(ϕ). Let us show how the deformation procedure
can be successfully applied in this case.
Assume that we start again with a model with poten-
tial V0(ϕ) and implicit kink x = x
(0)
K (ϕ). It can be shown
that if we apply the deforming function f(ϕ) and obtain
the potential V1(ϕ) by Eq. (5), then the implicit kink of
the new model can be immediately found as x = x
(1)
K (ϕ),
where x
(1)
K (ϕ) = x
(0)
K (f(ϕ)). Indeed, the implicit kink
x = x
(0)
K (ϕ) of the original model is found from
x =
∫
dϕ√
2V0(ϕ)
. (13)
At the same time, the implicit kink x = x
(1)
K (ϕ) of the
deformed model is given by
x =
∫
dϕ√
2V1(ϕ)
. (14)
Using (5), we can rearrange the right-hand side of
Eq. (14):∫
dϕ√
2V1(ϕ)
=
∫
f ′(ϕ)dϕ√
2V0(f(ϕ))
=
∫
df√
2V0(f)
. (15)
It immediately follows from this that
x
(1)
K (ϕ) = x
(0)
K (f(ϕ)). (16)
Surely, one can apply the deformation procedure to the
f -deformed model again, and obtain ff -deformed model
with potential (7) and implicit kink x = x
(2)
K (ϕ), where
x
(2)
K (ϕ) = x
(1)
K (f(ϕ)) = x
(0)
K (f(f(ϕ))). (17)
On the other hand, we can apply the deforming func-
tion f−1(ϕ) to the original model V0(ϕ) and obtain f
−1-
deformed model with potential (9) and implicit kink
x = x
(−1)
K (ϕ), where
x
(−1)
K (ϕ) = x
(0)
K (f
−1(ϕ)), (18)
and so on. In this case, the scheme of Fig. 1(a) transforms
into that shown in Fig. 1(b).
Figure 2 shows several potentials and kinks of the
sequence of models obtained from the model with the
eighth degree polynomial potential
V0(ϕ) =
1
2
(
1− ϕ2)4 (19)
using the deforming function f(ϕ) = sinhϕ. Namely, the
potential and kink of the model (19) (black curves) and
its successive deformations by the functions f and f−1
are shown. Note that kink of the model (19) can be found
in the implicit form:
x =
1
2
ϕ
1− ϕ2 +
1
4
ln
1 + ϕ
1− ϕ︸ ︷︷ ︸
x
(0)
K (ϕ)
. (20)
IV. KINK’S ASYMPTOTICS AND
DEFORMATION PROCEDURE
Let’s find out how the asymptotics of kink changes
when the model is deformed. First, for simplicity of
presentation, we apply deformation to the model with
polynomial potential. Then, at the end of this section,
we show that the obtained transformational properties
of the kink asymptotics are generalized to the case of
non-polynomial potentials.
Suppose we have a model with a polynomial potential
that can be represented as
V0(ϕ) =
1
2
(ϕ0 − ϕ)2k v0(ϕ), (21)
where k is a positive integer, and v0(ϕ) is some non-
negative polynomial of even degree with at least one more
zero at ϕ < ϕ0 and satisfying the condition v0(ϕ0) >
0. We will consider the kink ϕ
(0)
K (x), interpolating be-
tween two adjacent minima of the potential (21) with
lim
x→+∞ϕ
(0)
K (x) = ϕ0. For large positive x the field ϕ
tends to the vacuum value ϕ0, and in Eq. (21) we set
4. . .
f−1←−−− V−2(ϕ) f
−1←−−− V−1(ϕ) f
−1←−−− V0(ϕ) f−−−→ V1(ϕ) f−−−→ V2(ϕ) f−−−→ . . .
. . .
f←−−− ϕ(−2)K (x)
f←−−− ϕ(−1)K (x)
f←−−− ϕ(0)K (x)
f−1−−−→ ϕ(1)K (x)
f−1−−−→ ϕ(2)K (x)
f−1−−−→ . . .
(a) the case of explicit kinks
. . .
f−1←−−− V−2(ϕ) f
−1←−−− V−1(ϕ) f
−1←−−− V0(ϕ) f−−−→ V1(ϕ) f−−−→ V2(ϕ) f−−−→ . . .
. . .
f−1←−−− x(−2)K (ϕ)
f−1←−−− x(−1)K (ϕ)
f−1←−−− x(0)K (ϕ)
f−−−→ x(1)K (ϕ)
f−−−→ x(2)K (ϕ)
f−−−→ . . .
(b) the case of implicit kinks
FIG. 1: Set of models and their kink solutions, generated by the model V0(ϕ) and the deforming function f(ϕ).
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FIG. 2: Potentials and kinks of the model (19) (black curves),
its two successive sinh-deformations (blue and red curves),
and its two successive arsinh-deformations (green and orange
curves).
v0(ϕ) ≈ v0(ϕ0). Then the potential (21) can be rewrit-
ten as
V0(ϕ) ≈
1
2
(ϕ0 − ϕ)2k v0(ϕ0). (22)
Now we apply the deforming function f(ϕ) to the po-
tential (21). We obtain the potential V1(ϕ), which in
accordance with Eq. (5), looks like
V1(ϕ) =
1
2 [ϕ0 − f(ϕ)]2k v0 (f(ϕ))
[f ′(ϕ)]2
. (23)
Kink ϕ
(1)
K (x) of the deformed model satisfies the condi-
tion lim
x→+∞ϕ
(1)
K (x) = f
−1(ϕ0) = ϕ1. Our aim is to find
the asymptotical behavior of ϕ
(1)
K (x) at large positive x.
For x → +∞ we have ϕ → ϕ1, hence in Eq. (23) we re-
place slowly varying v0(f(ϕ)) with v0(f(ϕ1)) = v0(ϕ0),
and [f ′(ϕ)]2 with [f ′(ϕ1)]
2
, while difference ϕ0−f(ϕ) we
expand in a vicinity of ϕ = ϕ1 up to the first order,
ϕ0 − f(ϕ) ≈ ϕ0 − f(ϕ1)− f ′(ϕ1)(ϕ− ϕ1) =
= f ′(ϕ1)(ϕ1 − ϕ). (24)
As a results, for the potential V1(ϕ) at ϕ ≈ ϕ1 we get
the following approximate expression:
V1(ϕ) ≈
1
2
(ϕ1 − ϕ)2k v0(ϕ0) [f ′(ϕ1)]2k−2 . (25)
The structure of the potential (25) obtained from (23) at
ϕ ≈ ϕ1 is similar to the structure of the potential (22)
obtained from (21) for ϕ ≈ ϕ0.
We now proceed to discussion of the asymptotics of
the kinks ϕ
(0)
K (x) and ϕ
(1)
K (x) of these two models, con-
nected by the deforming function f(ϕ). Because V0(ϕ) ∼
(ϕ0 − ϕ)2k and V1(ϕ) ∼ (ϕ1 − ϕ)2k, it follows that for
k = 1 the asymptotics of both kinks are exponential,
while for k > 1 they are power-law. Below we consider
these two cases separately.
5A. Exponential asymptotics (k = 1)
So let k = 1. Using (22), from Eq. (3) for x → +∞,
ϕ→ ϕ0 we get∫
dx ≈ 1√
v0(ϕ0)
∫
dϕ
ϕ0 − ϕ
, (26)
which, after integration and simple manipulations, leads
to
ϕ
(0)
K (x) ≈ ϕ0 − exp
[
−
√
v0(ϕ0) (x− x0)
]
. (27)
An arbitrary constant x0 arises as a result of integration
and can be set equal to any real number, which means
one or another choice of the position of the kink on the
x-axis. For simplicity, here we set x0 = 0,
ϕ
(0)
K (x) ≈ ϕ0−exp
[
−
√
v0(ϕ0) x
]
at x→ +∞, (28)
and we will do this also below in similar cases. The pre-
exponential factor in (28) is connected with the choice of
the value of x0 and has no deep meaning. The formula
(28) tells us that for sufficiently large positive x, moving
away from the kink by another ∆x leads to a decrease in
the difference ϕ0 − ϕ(0)K (x) in exp
(√
v0(ϕ0) ∆x
)
times.
What is the asymptotic behavior of the kink ϕ
(1)
K (x)
of the deformed model? It is seen that for k = 1 the
potential (25) of the f -deformed model for ϕ ≈ ϕ1 looks
similar to the potential of the original model, and the
factor [f ′(ϕ1)]
2k−2
becomes equal to one, which means
exactly the same asymptotic behavior of the kink of the
f -deformed model:
ϕ
(1)
K (x) ≈ ϕ1−exp
[
−
√
v0(ϕ0) x
]
at x→ +∞. (29)
This means that for sufficiently large positive x, moving
away from the kink by another ∆x leads to a decrease in
the difference ϕ1 − ϕ(1)K (x) in exp
(√
v0(ϕ0) ∆x
)
times.
Thus, the analysis performed in this subsection has
shown an important property of the deformation proce-
dure: under deformation with a good enough deforming
function, the exponential asymptotics of the kink does
not change: it remains exponential with the same coef-
ficient in front of x. Now let’s turn our attention to the
case of power-law asymptotics.
B. Power-law asymptotics (k > 1)
Let now k > 1. Again using (22), from Eq. (3) for
x→ +∞, ϕ→ ϕ0 we obtain∫
dx ≈ 1√
v0(ϕ0)
∫
dϕ
(ϕ0 − ϕ)k
. (30)
After integration and simple manipulations, we get
asymptotical behavior of the kink ϕ
(0)
K (x) at large posi-
tive x:
ϕ
(0)
K (x) ≈ ϕ0 −
A
(0)
k
x1/(k−1)
at x→ +∞, (31)
where the coefficient A
(0)
k does not depend on x,
A
(0)
k =
[
(k − 1)
√
v0(ϕ0)
]1/(1−k)
. (32)
As already mentioned, the structure of the potential
(25) of the f -deformed model at ϕ ≈ ϕ1 is similar to the
structure of the potential (22) at ϕ ≈ ϕ0. Therefore, us-
ing the same technology as in obtaining the asymptotics
(31), we find the asymptotics of the kink ϕ
(1)
K (x) of the
f -deformed model for large positive x:
ϕ
(1)
K (x) ≈ ϕ1 −
A
(1)
k
x1/(k−1)
at x→ +∞, (33)
where
A
(1)
k =
1
f ′(ϕ1)
[
(k − 1)
√
v0(ϕ0)
]1/(1−k)
. (34)
Recall that ϕ1 = f
−1(ϕ0) is the vacuum of the f -
deformed model, into which the vacuum ϕ0 of the original
model was mapped.
Comparing the asymptotics (31) and (33), wee see that
in both cases the field approaches the vacuum value with
increasing x as x1/(1−k). However, the coefficients A(0)k
and A
(1)
k are different:
A
(0)
k
A
(1)
k
= f ′(ϕ1). (35)
Thus, we conclude that under deformation with a good
enough deforming function, the power of the coordinate
does not change, but the coefficient Ak changes in accor-
dance with Eq. (35).
In conclusion of this section, we make two important
remarks that significantly expand the range of applica-
bility of the obtained results. First, we considered the
case of the polynomial potential (21). However, all ar-
guments also remain valid for a non-polynomial function
V0(ϕ) with ϕ0 being a zero (and a minimum) of order 2k.
Then near ϕ = ϕ0
V0(ϕ) ≈ 1
2
(ϕ− ϕ0)2k v0(ϕ0) (36)
(v0(ϕ0) > 0 is a number), which coincides with (22). All
subsequent calculations are completely similar to those
performed when deriving the formulas (28), (29), (31)
and (33), and lead to the same results. Thus, the asymp-
totic expressions (28), (29), (31) and (33), as well as the
6ratio (35), are also valid for a non-polynomial potential
which can be written as Eq. (36) near the vacuum ϕ0.
Second, the above consideration can be applied to the
kink asymptotics at x → −∞. If we assume that in
the model with polynomial potential (21) (or with non-
polynomial potential, which can be written as (36)) we
have a kink ϕ
(0)
K (x) satisfying limx→−∞ϕ
(0)
K (x) = ϕ0, then
for k = 1 we get exponential left asymptotics of kink of
the original model:
ϕ
(0)
K (x) ≈ ϕ0 + exp
[√
v0(ϕ0) x
]
at x→ −∞, (37)
and exponential left asymptotics of the corresponding
kink of the f -deformed model:
ϕ
(1)
K (x) ≈ ϕ1 + exp
[√
v0(ϕ0) x
]
at x→ −∞. (38)
For k > 1 we get power-law left asymptotics of kink of
the original model:
ϕ
(0)
K (x) ≈ ϕ0 +
A
(0)
k
|x|1/(k−1) at x→ −∞, (39)
and power-law left asymptotics of the corresponding kink
of the f -deformed model:
ϕ
(1)
K (x) ≈ ϕ1 +
A
(1)
k
|x|1/(k−1) at x→ −∞, (40)
where the coefficients A
(0)
k and A
(1)
k are defined by
Eqs. (32) and (34).
So, we got that when the model is deformed by a good
enough function f(ϕ) (that is, satisfying the conditions
formulated at the beginning of Section III), the exponen-
tial asymptotics of the kink remains exponential, and the
power-law asymptotics remains power-law. In the expo-
nential case, the coefficient in front of x does not change.
In the power-law case, the power of the coordinate does
not change, but the coefficient Ak changes depending on
f ′(ϕ1), Eq. (35).
The question arises: are there deformations that
change the asymptotic behavior of the kink more sig-
nificantly? For example, at what deforming function
does the exponential asymptotics change its coefficient,
or even become power-law? Or, for which f(ϕ) does the
power-law asymptotics change its power, or even become
exponential?
V. ESSENTIAL CHANGE OF ASYMPTOTICAL
BEHAVIOR
Consider how the kink asymptotics changes if the
model is deformed by a function that is not good enough.
Let f(ϕ) be defined and strictly increasing on the seg-
ment between two neighboring vacua of the deformed
model. Here we mean vacua connected by kink ϕ
(1)
K (x) of
the deformed model V1(ϕ), which is the result of deforma-
tion of kink ϕ
(0)
K (x) of the original model V0(ϕ). As be-
fore, for definiteness, we assume that lim
x→+∞ϕ
(0)
K (x) = ϕ0
and lim
x→+∞ϕ
(1)
K (x) = ϕ1, where ϕ0 = f(ϕ1). Now let the
function f(ϕ) be such that
f(ϕ) ≈ f(ϕ1)−B (ϕ1 − ϕ)β at ϕ→ ϕ1 − 0, (41)
where B > 0 and β are constants, and 0 < β < 1, i.e.
f ′(ϕ) tends to infinity at ϕ→ ϕ1 − 0:
f ′(ϕ) ≈ βB
(ϕ1 − ϕ)1−β
at ϕ→ ϕ1 − 0. (42)
Assume that potential of the original model for ϕ ≈ ϕ0
has the form (22). Then the potential of the f -deformed
model at ϕ ≈ ϕ1 looks like
V1(ϕ) ≈
1
2
B2k−2v0(ϕ0)
β2
(ϕ1 − ϕ)2+2β(k−1) . (43)
We see that for k = 1, i.e. in the case of exponential
asymptotics of ϕ
(0)
K (x), the power 2+2β(k−1) equals two,
which means exponential asymptotics of the deformed
kink ϕ
(1)
K (x). However, the coefficient 1/β
2 in Eq. (43)
leads to a change of the coefficient in front of x. From
Eq. (43) it is easy to obtain that the kink of the deformed
model has the asymptotics
ϕ
(1)
K (x) ≈ ϕ1 − exp
[
−
√
v0(ϕ0)
β
x
]
at x→ +∞.
(44)
Thus, under deformation by a function with the deriva-
tive going to infinity, the exponential asymptotics re-
mains exponential. However, in contrast to the case
of good enough deforming function, the coefficient in
front of x changes. Moreover, taking into account that
0 < β < 1, the field of the deformed kink approaches
the vacuum value faster. (Emphasize that we are speak-
ing about the vacuum ϕ1 of the deformed model, and
f ′(ϕ1) =∞.)
Consider the case k > 1. Now the power 2 + 2β(k− 1)
in Eq. (43) is necessarily greater than two, which means
power-law asymptotic behavior of the deformed kink.
Calculations similar to those of Section IV lead to the
following expression:
ϕ
(1)
K (x) ≈ ϕ1 −
B
(1)
k
x
1
β(k−1)
at x→ +∞, (45)
where
B
(1)
k =
[
(k − 1)Bk−1
√
v0(ϕ0)
] 1
β(1−k)
. (46)
Thus, under deformation by a function with the deriva-
tive going to infinity, the power-law asymptotics remains
7power-law. However, in contrast to the case of good
enough deforming function, the power of the coordi-
nate in the denominator of Eq. (45) increases (since
0 < β < 1), i.e. the field of the deformed kink approaches
the vacuum value faster.
VI. EXAMPLES
A. First example
As an example illustrating the transformation of ex-
ponential asymptotics, consider deformation of the well-
known model ϕ4 using the deforming function f(ϕ) =
sinhϕ. Properties of kinks of the ϕ4 model and its modi-
fications have been studied very well, see, e.g., [8, 48–67].
We take the potential V0(ϕ) in the form
V0(ϕ) =
1
2
(
1− ϕ2)2 . (47)
The corresponding kink is
ϕ
(0)
K (x) = tanhx. (48)
Asymptotical behavior of the kink ϕ
(0)
K (x) immediately
follows from Eq. (48):
tanhx ≈
{
−1 + 2 e2x at x→ −∞,
1− 2 e−2x at x→ +∞. (49)
Now we deform the ϕ4 model and obtain the sinh-
deformed ϕ4 model [41, 42]. Potential and kink of the
sinh-deformed ϕ4 model are
V1(ϕ) =
1
2
sech2ϕ
(
1− sinh2 ϕ)2 (50)
and
ϕ
(1)
K (x) = arsinh(tanhx), (51)
respectively. Potentials and kinks of both models are
shown in Fig. 3. The kink (51) connects minima±arsinh1
of the potential (50). Asymptotics of the kink ϕ
(1)
K (x) can
also be easily obtained from Eq. (51):
arsinh(tanhx) ≈
{
−arsinh 1 +√2 e2x at x→ −∞,
arsinh 1−√2 e−2x at x→ +∞.
(52)
Comparing Eqs. (49) and (52), we already see that the
kinks of the original and deformed models exhibit the
same asymptotic behavior, which is predicted by formu-
las of Section IV A.
The asymptotics (49) and (52), however, were derived
directly from the known kinks (48) and (51). Now, let’s
apply the formalism developed in Section IV A. Com-
paring Eqs. (21) and (47), we see that k = 1, ϕ0 = 1,
v0(ϕ) = (1 + ϕ)
2, v0(ϕ0) = 4. Then Eq. (28) gives the
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FIG. 3: Potentials and kinks of the ϕ4 model (47) (black solid
curves) and of the sinh-deformed ϕ4 model (50) (blue dashed
curves).
asymptotic behavior of the ϕ4 kink at x → +∞. To
find the asymptotics at x → −∞, we use Eq. (37) (now
ϕ0 = −1 and v0(ϕ) = (1− ϕ)2). As a result, the asymp-
totic behavior of the ϕ4 kink looks like
ϕ
(0)
K (x) ≈
{
−1 + e2x at x→ −∞,
1− e−2x at x→ +∞. (53)
To find out asymptotics of the sinh-deformed ϕ4 kink,
we use Eq. (29) with ϕ1 = arsinh 1 and Eq. (38) with
ϕ1 = −arsinh 1. We obtain
ϕ
(1)
K (x) ≈
{
−arsinh 1 + e2x at x→ −∞,
arsinh 1− e−2x at x→ +∞. (54)
We see that the asymptotics (49) and (53) (as well
as the asymptotics (52) and (54)) differ only by pre-
exponential factors. This difference is not significant and
is due to the specific choice of constant of integration
x0, see text below Eq. (27). The asymptotic formulas
of Section IV A are written in such a way that the pre-
exponential factor is equal to one in all cases.
B. Second example
Consider the ϕ8 model with the potential
V0(ϕ) =
1
2
ϕ4
(
1− ϕ2)2 , (55)
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FIG. 4: Potentials and kinks of the ϕ8 model (55) (black solid
curves) and of the sinh-deformed ϕ8 model (56) (blue dashed
curves).
which is currently being actively studied [11, 19–28, 45,
46]. Potential (55) has three degenerate minima: ϕ = 0,
ϕ = ±1. Consider the kink connecting −1 and 0, it has
exponential left and power-law right asymptotics.
Without getting the kink of the model (55), we can find
its asymptotics. Then we apply the deforming function
f(ϕ) = sinhϕ, and obtain the sinh-deformed ϕ8 model:
V1(ϕ) =
1
2
sinh2 ϕ
(
1− sinh2 ϕ)2 tanh2 ϕ. (56)
Potentials and kinks of both models are presented in
Fig. 4. Next, without getting the deformed kink, we can
find its asymptotics. After that, in order to show that our
formulas work correctly, we will find the kinks of the orig-
inal and deformed models and investigate their asymp-
totic behavior. Besides, the kink ϕ
(0)
K (x) of the model
(55) can only be found implicitly in the form x = x
(0)
K (ϕ).
To obtain the kink ϕ
(1)
K (x) of the deformed model, we
will use the technology we have developed in Section III,
Eq. (16).
For the potential (55) we have the following approxi-
mate equalities:
V0(ϕ) ≈

1
2
(1 + ϕ)
2 · 4 at ϕ ≈ −1,
1
2
ϕ4 at ϕ ≈ 0.
(57)
Then the left asymptotics of the ϕ8 kink is obtained from
Eq. (37), and the right — from Eq. (31):
ϕ
(0)
K (x) ≈
−1 + e
2x at x→ −∞,
0− 1
x
at x→ +∞. (58)
Left and right asymptotics of the corresponding kink of
the sinh-deformed ϕ8 model are defined by Eqs. (38) and
(33), respectively:
ϕ
(1)
K (x) ≈
−arsinh 1 + e
2x at x→ −∞,
0− 1
x
at x→ +∞. (59)
The left exponential asymptotics of the kink has not
changed under deformation, in accordance with the gen-
eral rule obtained in Section IV A. Moreover, we see that
the right power-law asymptotics has not changed too, as
a consequence of Eq. (35), since in this case f ′(0) = 1.
Now we use the fact that the kink of the model (55)
can be found in the implicit form x = x
(0)
K (ϕ). Simple
calculations yield
x
(0)
K (ϕ) = −
1
ϕ
+
1
2
ln
1 + ϕ
1− ϕ. (60)
Using this expression, we obtain asymptotic dependen-
cies of ϕ(x):
ϕ
(0)
K (x) ≈
−1 + 2 e
2x at x→ −∞,
0− 1
x
at x→ +∞. (61)
The asymptotics (61) coincide with (58) up to the pre-
exponential factor in the left asymptotics.
The corresponding kink of the sinh-deformed ϕ8 model
can be obtained from (60), using Eq. (16) derived in Sec-
tion III:
x
(1)
K (ϕ) = −
1
sinhϕ
+
1
2
ln
1 + sinhϕ
1− sinhϕ. (62)
Using this expression, we get asymptotic behavior of
ϕ(x):
ϕ
(1)
K (x) ≈
−arsinh 1 +
√
2 e2x at x→ −∞,
0− 1
x
at x→ +∞. (63)
The asymptotics (63) and (59) coincide up to the pre-
exponential factor.
C. Third example
As an example of deforming function that is not good
enough and satisfies the conditions (41) and (42), we con-
sider the function f(ϕ) = arcsinϕ. As an initial model,
we take
V0(ϕ) =
1
2
cos2 ϕ. (64)
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FIG. 5: Potentials and kinks of the sine-Gordon model (64)
(black solid curves) and of the ϕ4 model (66) (blue dashed
curves).
This potential is periodic with minima ϕ = ±pi/2,
±3pi/2, ±5pi/2, ... . Consider the kink connecting the
vacua −pi/2 and pi/2:
ϕ
(0)
K (x) = arcsin(tanhx). (65)
Deform the model (64) using the function f(ϕ) =
arcsinϕ, and obtain the well-known ϕ4 model with po-
tential
V1(ϕ) =
1
2
(
1− ϕ2)2 (66)
and kink
ϕ
(1)
K (x) = tanhx. (67)
Potentials and kinks of both models are shown in Fig. 5.
On the one hand, using Eq. (65) we get:
arcsin(tanhx) ≈
−
pi
2
+ 2 ex at x→ −∞,
pi
2
− 2 e−x at x→ +∞.
(68)
On the other hand, asymptotics of this kink can also
be found from Eq. (28). Then, taking into account the
kink’s symmetry:
ϕ
(0)
K (x) ≈
−
pi
2
+ ex at x→ −∞,
pi
2
− e−x at x→ +∞.
(69)
We see that the asymptotics (69) coincide with (68) up
to the pre-exponential factors. As for kink of the de-
formed model, its asymptotics were found and discussed
in Section VI A, see Eq. (49).
Now let’s see what the formulas obtained in Section
V give. Near the vacuum ϕ0 = pi/2 the potential V0(ϕ)
looks like
V0(ϕ) ≈
1
2
(pi
2
− ϕ
)2
, (70)
that is v0(ϕ0) = 1.
For the deforming function f(ϕ) = arcsinϕ at ϕ →
1− 0 we have
f(ϕ) ≈ pi
2
−
√
2
√
1− ϕ, f ′(ϕ) ≈ 1√
2
1√
1− ϕ. (71)
Comparing Eq. (71) with Eqs. (41) and (42), we see that
B =
√
2, β = 1/2, ϕ1 = 1. Then Eq. (43) allows us to
find the behavior of the potential V1(ϕ) near the vacuum
ϕ1:
V1(ϕ) ≈
1
2
(1− ϕ)2 · 4, (72)
which, obviously, completely coincides with the behavior
of the potential (66) of the ϕ4 model.
Let us now see what our formulas give for asymptotics
of the kink ϕ
(1)
K (x), i.e. find asymptotics of ϕ
(1)
K (x), using
only behavior of the potential V0(ϕ) near the vacuum
ϕ0 = pi/2 and behavior of the deforming function (71)
near the vacuum ϕ1 = 1. Then asymptotics of the de-
formed kink is given by Eq. (44). Taking into account
the kink’s symmetry, we obtain
ϕ
(1)
K (x) ≈
{
−1 + e2x at x→ −∞,
1− e−2x at x→ +∞, (73)
which, of course, is the correct asymptotic behavior of
the ϕ4 kink.
Thus, this example demonstrates the change in the ex-
ponential asymptotic behavior of kink under deformation
by a function that has infinite derivative. In this case,
the kink of the deformed model demonstrates a faster ap-
proach of the field to vacuum values with distance from
the kink localization. The exponential asymptotics re-
mains exponential, but the coefficient in front of x in-
creases by factor 1/β.
Note that the original model with potential (64) had
non-polynomial potential and was integrable (the well-
known sine-Gordon model). At the same time, after
deformation by the function f(ϕ) = arcsinϕ, another
well-known model (the ϕ4 model) is obtained, which has
polynomial potential and is no longer integrable.
D. Fourth example
Let’s see how our formulas work in the case of power-
law kink asymptotics and the deforming function with
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FIG. 6: Potentials and kinks of the model (74) (black solid
curves) and of the model (80) (blue dashed curves).
infinite derivative. As an example, consider a model with
non-polynomial periodic potential
V0(ϕ) =
1
2
cos4 ϕ. (74)
We take kink interpolating between the minima −pi/2
and pi/2. This kink is obviously symmetric.
Again, take the deforming function f(ϕ) = arcsinϕ.
The vacua of the deformed model in this case are
f−1(−pi/2) = −1 and f−1(pi/2) = 1. The derivative
of the deforming function goes to infinity at both points,
and in the same way. Based on the form of the poten-
tial (74) and the deforming function, we will obtain the
asymptotic behavior of the kinks of the original and de-
formed models. Then, we compare the predictions of
our theory with the behavior of real kinks of both mod-
els (the kinks in this case can be easily found). Poten-
tials and kinks of both models are shown in Fig. 6. As
already mentioned, the kinks of both models are sym-
metric; therefore, we will find the right asymptotics, and
write the left ones using symmetry.
The potential (74) near the vacuum ϕ0 = pi/2 can be
approximated by
V0(ϕ) ≈
1
2
(pi
2
− ϕ
)4
. (75)
The power 4 means that the parameter k = 2 and the
kink ϕ
(0)
K (x) has power-law right asymptotics, which is
given by Eq. (31). The left asymptotics can be obtained
from Eq. (39) or by symmetry. As a result, we have
ϕ
(0)
K (x) ≈

−pi
2
+
1
|x| at x→ −∞,
pi
2
− 1
x
at x→ +∞.
(76)
Further, Eq. (43) allows us to find the behavior of the
potential of the deformed model for ϕ ≈ ϕ1 = 1:
V1(ϕ) ≈
1
2
(1− ϕ)3 · 8, (77)
here we used the parameters B and β from the previous
example. The right asymptotics of the deformed kink
connecting the vacua −1 and 1 is found from Eq. (45).
Left asymptotics is symmetrical to the right. Thus, we
obtain for the deformed kink:
ϕ
(1)
K (x) ≈

−1 + 1
2x2
at x→ −∞,
1− 1
2x2
at x→ +∞.
(78)
Comparing Eqs. (76) and (78), we see that the kink of
the deformed model demonstrates a faster approach of
the field to the vacuum values. Nevertheless, the power-
law asymptotics remains power-law. In general, this sit-
uation is similar to the exponential case (previous exam-
ple).
For the potential (74), the kink connecting the vacua
−pi/2 and pi/2 can be easily obtained:
ϕ
(0)
K (x) = arctg x. (79)
It can be seen that (76) accurately describes its asymp-
totic behavior. On the other hand, the potential of the
deformed model has the form
V1(ϕ) =
1
2
(
1− ϕ2)3 , (80)
and the corresponding kink ϕ
(1)
K (x) = f
−1[ϕ(0)K (x)] is
ϕ
(1)
K (x) =
x√
1 + x2
. (81)
The asymptotic behavior of this kink is exactly described
by Eq. (78).
Note that the potential (80) is not non-negative for ar-
bitrary ϕ. This, however, has no effect on the properties
of the kink (81), which connects the vacua −1 and 1.
VII. CONCLUSION
We have studied the question of how the asymptotic
behavior of kink changes when the model is deformed
using a bounded function. In the case of a good enough
deforming function, i.e. strictly monotonic with a finite
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derivative, the exponential asymptotics remains expo-
nential with exactly the same coefficient in front of x.
The power-law asymptotics remains power-law with the
same power, but, depending on the derivative of deform-
ing function, the numerical coefficient may change.
Additionally, we have considered the case of a deform-
ing function that is not good enough. Namely, we as-
sumed that the derivative of the deforming function goes
to infinity in one or both vacua of the deformed model,
which are connected by the deformed kink. We found
that the exponential asymptotic behavior of the kink re-
mains exponential under this deformation. However, in
contrast to the case of a good enough deforming func-
tion, the coefficient in front of x now changes. This leads
to a faster approach of the field to the vacuum value.
The power-law asymptotics of the kink remains power-
law. However, the power of the coordinate in the denom-
inator increases, that is, the field of the deformed kink
approaches the vacuum value faster.
Besides that, we supplemented the deformation proce-
dure of Ref. [36] with a formula for implicit kinks.
Changes in the asymptotics of kinks for both types of
deforming function are illustrated by four examples. As
examples, we used well-known field-theoretic models: ϕ4,
ϕ8, sine-Gordon, etc. As an example of a good enough
deforming function we used f(ϕ) = sinhϕ. The case
of a finite function with infinite derivative is represented
by f(ϕ) = arcsinϕ in the case of vacua of the original
model at points ±pi/2, which are mapped to vacua of the
deformed model ±1.
In conclusion, we would like to mention some topics
that are being studied now or, in our opinion, could be-
come the subject of future research. It is known that any
kink solution has a stability potential that determines
the kink’s excitation spectrum. When the model is de-
formed, left and right asyptotics of the kink may change.
According to this, the asymptotic behavior of the stabil-
ity potential can also change, showing some interesting
properties. This issue is currently being studied and we
hope to report the results in the near future. Another in-
teresting question is related to stability potential of kink
with two power-law tails. This potential is volcano-like
with the only zero mode in the spectrum. Nevertheless,
there could be quasi-discrete levels in the continuous part
of the spectrum. Searching for such levels could become
a subject of future study.
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